Abstract| A numerical scheme is suggested for solving the scalar wave equation for optical devices characterized by a z-dependent refractive index. The homogeneous wave equation is converted into a single column inhomogeneous linear system by applying imaginary (absorbing) boundary potentials at the device boundaries. The imposed absorbing boundary conditions enable discrete representation of the device on a compact grid. Our scheme is based on applying an e cient sparse preconditioner to the linear system, which enables its global solution (i.e. simultaneously for all z-values) by fast iterative methods, such as the Quasi Minimal Residual algorithm. A single solution of the inhomogeneous equation with the imaginary boundary operators allows the calculation of mode-speci c as well as regionspeci c light intensity coupling probabilities for initial mode of interest. Numerical examples illustrate the usefulness of the suggested scheme to the optimization of optical devices.
I. Introduction
In recent years, powerful computational methods have been developed 1]-9] for a propagation of light in optical bers with small variations of the refractive index. However, optimization of integrated optical devices in which the spatial dependence of index of refraction may be complicated and re ection and mode-coupling e ects become dominant is not as well studied. In this paper, we suggest a global method of solving the scalar wave equation for arbitrary index of refraction distribution which also provides an e cient way to calculate light intensity coupling probabilities in multi-channel devices (e.g., optical switches).
We restrict ourselves to the framework of scalar wave equation r 2 x;y;z (x; y; z) + k 2 (x; y; z) (x; y; z) = 0; (1) i.e., to weakly guiding structures where the polarization of the waves can be neglected. (x; y; z) describes an optical wave characterized by the propagation constant k(x; y; z) = 2 n(x; y; z) moving in a medium with the refractive index distribution n(x; y; z).
Using the reference propagating constant k 0 = 2 n 0 , Eq.(1) can formally be rewritten as 1 k 2 0 r 2 x;y;z (x; y; z) + n(x; y; z) n 0 2 (x; y; z) = 0: (2) Usually, this equation is solved by the beam propagation method (BPM) 1], which neglects the re ected waves, or by other propagation techniques, which are based on the \weak guidance" approximation and solve the paraxial wave equation. (The paraxial wave equation is analogical to the time-dependent Schr odinger equation with timedependent potential for which very powerful methods have been developed. See, for example, 10]-16]). However, it is known and we have also shown 17] , that if one wishes to go beyond \weak guidance limit" (which is often unnecessary in optical bers used for communication) one can not neglect the re ected waves, and in optical devices, at least, the full scalar wave equation should be solved exactly.
Eq. (1) is a scattering equation which should be solved with appropriate scattering boundary conditions. Without loss of generality we shall assume that the index of refraction distribution n(x; y; z) is z-independent asymptotically. In such a case, the light scattering problem reduces to the calculation of the modal distribution of the outgoing waves and the re ected waves.
Let us rewrite Eq. 
Our asymptotic assumption implies that V ! 0 as z ! 1 (6) or n(x; y; z) ! n(x; y) as z ! 1:
We can rewrite the solution of the Eq.(2) as a sum of an initial guess (i) (x; y; z) and a correction (x; y; z). Namely 18] , (x; y; z) = (i) (x; y; z) + (x; y; z); (8) where (i) is the asymptotic solution which represents the incoming optical wave, 
and therefore
De ning the Green operator as
one obtains that, (x; y; z) = (1 + GA) (i) (x; y; z):
In Section II using an approach originated with the work of Neuhauser and For the sake of clarity and to avoid detailed reference reading we will describe the numerical procedures which are borrowed from other elds of research.
II. Absorbing boundary conditions and the inhomogeneous scalar wave equation
The suggested approach is based on the use of absorbing boundary operators to impose the scattering boundary conditions. 45] . Their use in reactive scattering is distinguished by the fact that only a single column of the S-matrix needs to be extracted, even when re ections are prevalent, and only a very compact region is needed (the region where the initial wave is present need not be added to the grid).
Formally, in Eqs.(11-13) the underlying limit ! 0 is replaced by a coordinate dependent optical potential which is essentially zero in the physically relevant region of space, and rises at the edge of the coordinate grid in order to absorb ux that reaches this region in space. Consequently, the physical solution is distorted (damped) near the edge of the grid, but, for a proper absorbing potential it approaches the exact solution far from the boundaries and in the interaction region. The conditions on (x; y; z) are that it should be turned on rapidly enough to absorb the ux over as short distance as possible, but not too rapidly, so as to cause re ection back to the physically relevant region. Neuhauser (15) or, = 1 i ? A i (i) ; (16) which implies that is the solution of the following inhomogeneous scalar wave equation
in which the asymptotic solution (i) is incorporated in the inhomogeneous term. The inhomogeneous scalar wave equations, (15 or 17), enable us to solve Eq.(2) in a global manner, i.e., rather than propagating the wave along the device, accumulating numerical integration errors, a solution is obtained simultaneously for all grid points. Since ABC are applied, the inhomogeneous linear equation should be solved only for a relatively compact coordinate space which focuses on the interaction region. For realistic devices, however, the dimensionality of the coupled linear system (Eq. (17)) may still be too large as to allow its solution by direct (inversion) methods. Rather, one needs to refer to iterative methods 46]- 48] which require only the operation of (i ? A) onto a vector at each step. Formally these methods can be summarized as G ' X n a n T n (A ? i ); (18) where T n are a set of polynomials in the operator A?i , and a n are numerical coe cients. Important progress has recently been done in solving non-Hermitian inhomogeneous system of the type of Eq.(17) and in particular we refer to the Quasi Minimal Residual(QMR) method of Freund and Nachtigal, which was successfully applied in reactive scattering calculations 25], 49], and was also used in the present work.
III. The DVR grid preconditioner
The key point in our numerical scheme is the development of an e cient representation for Eq. (17), which signi cantly improves the convergence of the global iterative method(QMR). A successful application of an iterative solution relies on sparse matrix representation of the right hand side operator (i ?A) which makes its operation onto a vector economic (i.e., in a single matrix operation the number of scalar operations on a vector of length N is N 2 ). In addition one desires to minimize the number of iterations required for convergence, which can be achieved by applying preconditioners. The problem is therefore to nd an e cient preconditioner, which on one hand reduces the spectral domain of the right hand side operator and thus the number of iterations, and on the other hand, maintains the sparse structure of the linear system. Recently 25] an e cient Fourier grid preconditioner which satis es both properties was introduced for systems with periodic boundary conditions. Below we follow this work and introduce a preconditioner which is based on the discrete variable representation (DVR) of Eq. (17) .
A generic DVR scheme was introduced by Colbert and Miller 19] for reactive scattering calculations. The representation is based on a truncated in nite order nite di erence approximation of the di erential operator. The local operators in Eq.(17), i.e., V and are diagonal V = V (x i ; y j ; z l ) i;i 0 j;j 0 l;l 0 (19) where x i , y j and z l are points on equally spaced grids, e.g., z l = (l ? 1) z + z min ; l = 1; : : :; N z (20) with the grid spacing z.
The di erential operators are approximated as matrices, i.e., for radial coordinates (i.e., r = p x 2 + y 2 ). As one can see, the dimensions of the matrix representation of (i ?A) is set by the total number of grid points, but since the DVR of the di erential operator is separable for di erent coordinates the representation is very sparse.
Our strategy is to precondition Eq. (17), i.e., to replace it by the equivalent equation 
Using the de nition of A 0 which is given in Eq.(4), one obtains
(25) when V is de ned in Eq. (5) and Eq. (19) . Eq. (17) and Eq. (25) have the same solution but in the latter the spectrum of the left hand side (l.h.s) operator (i.e., (1 ? G 0 V )) is clustered around unity 25] with a radius that is determined by G 0 V , whereas the spectrum of the l.h.s. operator in Eq. (17) In such a case, the operator G 0 V can be carried out as a diagonal operation of V on the grid, followed by a sparse transformation to the basis in which G 0 operates in a diagonal form, and back transformation to the grid representation. The technical details of the sparse diagonalization transformation will be given elsewhere 50], but as one can verify the operation of (1 ? G 0 V ) in Eq.(25) onto a vector requires only twice scalar operations than the operation of (i ? A) in Eq.(17)(!), which makes our preconditioner highly e cient.
IV. Total power coupling and mode-to-mode coupling probabilities from the DVR-ABC Green function
The main computational e ort in the present scheme is associated with the solution of Eq. (25) Thompson and Miller 24] .
Let the index of refraction distribution be as de ned in Eq. (7) . When the index of refraction is z-independent, A 0 is separable in (x; y) and z and therefore the asymptotic solution of Eq.(2), which corresponds to an incoming ux de ned by the mode number (l) and its propagation constant (k z l ), which are related by E l ? (k z l ) 2 = 0. Our rst aim is to calculate the probability of any given incoming wave (l i ; k z i ) to be re ected or transmitted to any other optical wave characterized by its mode number and propagation constant(l f ; k z f ). The scattering probability amplitude is expressed in term of the scattering matrix (Smatrix) elements 52] 
Using ABC Eq.(28) can be rewritten in several alternative forms. ABC allow to write Eq.(28) as 24] S i;f = i;f + ih (f) ji x;y;z + x;y;z G (i)
x;y;z j (i) i; (33) where (i) x;y;z is the portion of the absorbing potential which is located in the incoming beam region. Since (i ? A) = (i) (i) , i.e., = iG (i) (i) ;
the mode-to-mode transmission probability for (f) 6 = (i)
can be expressed in terms of 24],
where ( ) is the portion of the absorbing potential which is located in the region of the scattered beam ( (f) ). (See Fig. 6 for illustration of (i) and ( ) ). An alternative form by Neuhauser 23] , 51] uses a ux operator on a surface of any shape associated with the region
Equations (35, 36) are equivalent and lead to numerically similar results; in this work we use equation (35) . In many practical situations the detailed modal distribution (fS f;i g) is not required. Rather, one wishes to obtain the total power coupling probability for a given region in space (de ned by ),
T f i (37) without a need to sum explicitly over all possible nal modes. Absorbing boundary conditions allow to obtain this goal simply; either from the total ux of the wavefunction into a given region 18]
T i = 2h jF j i: (38) or using the derivations of Thompson and Miller as 24]:
Note, that one has to solve Eq. (25) only once for the initial mode of interest( (i) ). Once its solution is obtained, it provides all mode-to-mode coupling probabilities (Eqs. (35) or (36)), as well as any region-speci c power coupling probability (Eq. (38) or (39)). An illustrative numerical example of the application of the method to a speci c optical device model is given in the end of the next section.
V. Illustrative numerical examples
We chose as a model cylindrically symmetrical gradedindex optical ber having index of refraction distribution as plotted in Fig. 1 . n 1 (r) stands for the index of refraction of the core and n 0 stands for an uniform index of refraction of the cladding. The index n 2 (r) may vary and represent, for example, an air-lled gap between two bers or an absorbing layer with controllable refractive index.
In cylindrical symmetry, r = p (x 2 + y 2 ); n(x; y; z) = n(r; z) and ; when r r 0 n 0 ; when r > r 0 : (43) and n 2 (r) has been taken to be a constant. In all the examples, n 0 = 1:5; = 0:031248; = 1 ,r 0 = 3 m (core radius) and = 1 m (free space wavelength). When these parameters are taken, the ber supports one trapped transverse mode and we are looking for the modespeci c and total transmission and re ection probabilities of that mode for di erent z-dependences of the index of refraction.
Recently, Vorobeichik, Neuhauser and Moiseyev have suggested 17] a method for solution of scattering problems based on backward propagation in scalar Maxwell equation which is similar in spirit to techniques of scalar coupled mode theory. At the rst stage, we chose to compare the results of the method suggested here with previously obtained results.
As a test case, we chose f(z; r) = 1 cosh 2 ( z) ; (44) which is a standard model in reactive scattering (plotted in Fig. 2 ). The asymptotic transverse dependence of the modes given by Eq. (27) was solved in DVR basis using Eq. (22) . Since the ber is a single mode one all the states except for the rst trapped one are radiative modes forming a continuum. These continuum states were discretized using box quantization corresponding to nite cladding (evanescent waves were neglected). The solutions of Eq. (42) and Eq. (44)).
trapped modes (only l = 1 in our case) and with radiative modes (l = 2; 3; : : : in our case) (which now have the asymptotic form of sin(l r=r max )). Therefore, the transition probability to the l > 1 modes is associated with optical losses. The optical potential ( in Eq. (15)) was taken as (z; r) = (1) (z) + (2) (z) + (3) (r), where
A z?z (1) abs zmax?z 
whereas (i) and ( ) (Eq. (34) and Eqs. (35, 39) ) in the rst two studied cases were (i) = (1) (z) and ( ) = (2) (z). The index of refraction n 2 was varied from nearly the same value as of n 1 , (i.e., 1.5) to n 2 = 1:0. In Fig. 3 , a comparison between di erent calculations of the total re ection probability of the incoming mode is represented. Modeto-mode calculations show that the coupling between the trapped and the radiative modes is very week and, practically, no radiative modes are excited. That means that the problem is, basicly, one-dimensional. As one can see in 
This function has the form shown in Fig. 4 . For n 2 = Fig. 3 . Total re ection probability (R P l R l 1 , where R l 1 is de ned in Eqs. (28,31,32) ) for the z-dependence of index of refraction as in Fig. 2 for di erent values of index of refraction of the discontinuity region n 2 . Squares stand for the results obtained by using the method suggested here, dots stand for the same results using the method described in Ref. 17 ] and solid line stands for the one-dimensional analytical results. In the latter case, \barrier height" is de ned as \barrier height"
? n 1 (r=r 0 =2) n 0 2 ?
? n 2 (r=r 0 =2) n 0 2 ; where n 1 (r) is de ned in Eq. (43) and n 2 (r) is constant. 1:0, this index of refraction distribution corresponds to two bers with discontinuity having the index of refraction of the air. The width of the gap is determined by z 1 and z 2 , and we took it to be equal to 5 m. In Fig. 5 mode speci c transmission and re ection probabilities are shown. As one can see, a small part of the wave (less then 2%) is re ected back and for both re ected and transmitted waves radiative modes are populated. Summation over the probabilities of the wave to be scattered into radiative modes gives the loss of the light power due to the discontinuity. The re ection back into the ber is, indeed, small, but in ber lasers, for example, even very small re ection may have a very important impact, and it can not be neglected.
The last example illustrates the power of the algorithm in solving a more di cult problem, as well as the useful application of absorbing potentials to optical devices. Let related to devices with vertical coupling of light output by means of a 45 mirror (e.g., work by H. P. Lee and coworkers 54]). Our model describes a wave propagating in region 3, meets a discontinuity region (index of refraction n 2 ) in which it can be either transmitted to region 1, re ected to region 2 or re ected back. Region 2 represents another waveguide to which the power is coupled. The dashed areas in Fig. 6 represent optical potentials, ( (i) , ( ) 1 , ( ) 2 ), both z-and r-dependent. Eq. (35) and Eq.(39) allow one to calculate both total and mode speci c probabilities of the incoming power to be scattered into the region in space de ned by the optical potentials. In Fig. 7 the total probability of the optical wave to enter region 1 or region 2 as a function of the index of refraction of the discontinuity region (n 2 ) is shown. For n 2 = 1:5 almost the entire (39)) of the incoming wave to enter region 1 or 2 as function of refractive index of the discontinuity region. Dots stand for the probability of the optical power to enter region 1 and squares stand for the probability of the optical power to enter region 2. The latter one grows as index of refraction of the discontinuity region becomes smaller.
wave proceeds to region 1 and for n 2 = 1:0 most of the wave is re ected to region 2. In Fig. 8 mode speci c probabilities to be transmitted to region 1 in a given mode are represented for n 2 = 1:0. It can be seen, that radiative (35)). The probability (T l 1 ) depends on whether the optical potential ( ( ) ) overlaps the corresponding mode (f ) l or not. Obviously, if the same optical potential would be far from the discontinuity region one would not \detect" as much radiative modes as in Fig. 8 . modes are strongly populated at this region of space and after some distance they would disappear from the waveguide. The sum over all mode-to-mode probabilities gives the corresponding total power coupling probability value in Fig. 7 . While the numerical procedure does not impose a conservation of probability, the latter can be used to check the computational accuracy. When optical potential ( ) 1 and ( ) 2 were extended to cover all possible regions of scattering, the overall probabilities to region 2 and 3 plus the probability to be re ected back to region 3 is unity as it should within 10 ?3 error.
Finally, Fig. 9 shows a 3-dimensional plot of the ABC-DVR optical wave, i.e. the solution of the scalar wave equation for n 2 = 1:0. The function is shown to vanish near the edges of the grid since is covering all that region. This illustrates the compact representation of the wave enabled by the application of the boundary operators.
Concluding remarks
Introducing absorbing boundary operators into the scalar wave equation leads to an inhomogeneous equation which is solved most e ciently using a DVR preconditioner. Initial mode-speci c and region-speci c probabilities are obtained directly from the solution of the inhomogeneous equation on a compact grid. The suggested method can be used as a basis for a \black box" procedure of optimizing the optical device having arbitrary index of refraction distribution, provided that polarization e ects can be neglected. Although the neglect of the polarization e ects in particular in the last numerical example is less justi able, it is well known that the solution of the scalar wave equation gives an important insight on waveguide properties. The full beam-propagation-method may be reduced to the semi-vectorial method if only the polarization dependence is considered and the polarization coupling is ignored. In such a case the method we propose here of calculating the light distribution by a global solution of an inhomogeneous scalar wave equation is straightforward to implement. For the optical guided-wave devices, which require to take into consideration the polarization mixing, the calculations can be carried out in two steps. First, the scalar equation is solved as described here, for each one of the components of the polarized light, i.e. Eq.(3) is replaced by 3x3 diagonal matrix equation. In the second step of the calculations the time-independent full-vectorial wave equation is solved where Eq.(3) is replaced by a 3x3 matrix equation in which the o -diagonal terms couple different eld components. The same approach of solving an inhomogeneous equation is taken where now A 0 is the diagonal matrix which provide the scalar solutions obtained in the rst step of the calculations.
As far as we know the only other method which eciently deals with re ected waves is the nite-di erence time domain method (FDTD) based on the nite di erence discretization of the set of Maxwell equations. Thus, the FDTD wave propagator is marching in time rather then marching in space as in the conventional beam-propagation method. The main di erence between the new method proposed here and the FDTD is that we use a global solution in coordinate space; here, however we limited the method to stationary solutions of the Maxwell's equation. The extension of the method presented here to the time-dependent Maxwell equation is possible by increasing the dimensionality of the problem by one (i.e. t-serves as additional coordinate). This extension which allows to go beyond the stationary conditions is currently under study.
